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J. C. Xavier
Instituto de Fisica, Universidade Federal de Uberldndia, Caixa Postal 593, 38400-902 Uberldndia, MG, Brazil
(Received 2 February 2010; revised manuscript received 16 April 2010; published 1 June 2010)

Using the density-matrix renormalization group, we investigate the critical behavior of the anisotropic
Heisenberg chains with spins up to s=9/2. We show that through the relations arising from the conformal
invariance and the DMRG technique it is possible to obtain accurate finite-size estimates of the conformal
anomaly c, the sound velocity v, the anomalous dimension x,,,;, and the surface exponent x; of the anisotropic
spin-s Heisenberg chains with relatively good accuracy without fitting parameters. Our results indicate that the
entanglement entropy S(L,l4,s) of the spin-s Heisenberg chains satisfies the relation S(L,l,,s)—S(L,l4,s

—1)=1/(2s+1) for s>3/2 in the thermodynamic limit.
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I. INTRODUCTION

Conformal invariance plays an important role in the study
of critical one-dimensional quantum systems. Several con-
straints appear if we assume that the critical systems are
conformal invariant.'= In particular, the possible classes of
critical behavior of the one-dimensional quantum systems
are indexed by the conformal anomaly (or central charge) ¢
as well as the values the anomalous dimensions xj,;, of the
primary scaling operators 0%.'-

In the mid eighties of last century, it was shown that the
conformal anomaly ¢ can be extracted from the large-L be-
havior of the ground-state energy E((L). The ground-state
energy of a system of size L behaves as*’
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where the constant §=1(4) for the systems under periodic
(open/fixed) boundary conditions (PBC), v, is the sound ve-
locity, e, is the bulk ground-state energy per site, and f,, is
the surface free energy, which vanishes for the systems under
PBC. The structure of the higher energy states, for a system
with periodic (open) boundary conditions, are related with
the anomalous dimensions xj,, (surface exponents x;).
There are a tower of states in the spectrum of the Hamil-
tonian with energies E,, (L) given by®’

270,
Trzé(x+m+m'), (2)

ES (L)~ Eg(L) =

where m,m’'=0,1,2,..., the constant 7=1(2), and x
=xp(xy) for the systems with periodic (open) boundary
conditions.

The critical behavior of several models were studied using
the conformal invariance relations above. In particular, the
spin-1/2 XXZ chain is exactly soluble. For this reason, in
this case, it is possible to obtain the spectrum of the energies
of very large system sizes (solving the Bethe ansatz equa-
tions). Due to this fact, very accurate estimates of ¢, vy, X, ;.
and x{ were obtained for the spin-1/2 XXZ chain.® How-
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ever, very few models are exactly soluble. And, in general, it
is possible obtain the eigenspectrum only by exact numerical
diagonalizations.

The Lanczos method of exact diagonalization (ED) can be
used to extract the ground-state energies of the Hamiltonians.
However, with ED it is possible to consider small system
sizes, since the Hilbert space grows exponentially with the
system size. Even though, relative good estimates of confor-
mal anomaly ¢ and the anomalous dimensions xj,, can be
obtained with ED (see, for example, Refs. 10 and 11).

The density-matrix renormalization group (DMRG) (Ref.
12) is a powerful numerical technique that can be used to
study very large one-dimensional systems. In principle, we
can use the DMRG technique and the conformal invariance
relations to obtain high-accuracy estimates of ¢, xj, ;,, and x¢.
Since with the DMRG it is possible to obtain the ground-
states energies of large system sizes in a controlled way.
However, it is not easy to estimate the sound velocity v, with
the DMRG technique, differently of the ED (it is possible to
estimate v, with the ED by the behavior of the energies in
different momentum sectors). This is the major reason why
the conformal invariance relations above were not explored
in the studies of critical systems by the DMRG technique.'3

In recent years, this has changed because Calabrese and
Cardy related the entanglement entropy of one-dimensional
critical systems with the conformal anomaly ¢ (Ref. 14) (see
also Refs. 15-17). As we will see, due to this new relation
between the conformal anomaly and the entanglement en-
tropy, it is now possible to obtain the finite-size estimates of
C, Uy, Xpur and x, in a systematic way with the DMRG tech-
nique. The entanglement entropy can be defined as
following.'® Consider a one-dimensional system with size L
and composed by two subsystems A and B of sizes [, and
lg=L-1,, respectively. The entanglement entropy is defined
as the von Neumann entropy S(L,l,)==Tr p4 In(p,), associ-
ated with the reduced density matrix p,. For the critical one-
dimensional systems the entanglement entropy behaves as'#

S(L,lﬁ:iln{%sin(%)] +c,=(1=mns,, (3)

where s, is the boundary entropy,'” ¢, is a nonuniversal con-
stant, and 7=1(2) for the systems under periodic (open/
fixed) boundary conditions.
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Note that we can estimate the conformal anomaly ¢ using
Eq. (3) without the knowledge of the sound velocity v,.
Indeed, some authors have plotted S(L,l,) as function of

ln[;LTsin(leA)] in order to estimate ¢ by a numerical fit. Here,
we use basically the same route that Zhao et al. used in Ref.
19 to extract ¢ in an investigation of the XXZ Heisenberg
chains with defects. We will estimate ¢ by measuring the
entanglement entropy of two systems with different sizes.
With this procedure, we can obtain a finite-size estimate of ¢
without a numerical fit. We have observed that this procedure
gives errors smaller than the ones obtained by the fitting
procedure (in same cases, the error is one order of magnitude
smaller).

It is important to point out that some authors have used
the DMRG to obtain the critical exponents of several
models?® through the asymptotic behavior of static correla-
tion functions. This numerical procedure, use more CPU
time and, usually, provides only rough estimates of the criti-
cal exponents. Thus, we see that a procedure to obtain accu-
rate estimates of the critical exponents (based in the energies
behavior) with the DMRG is also highly desirable.

The main aim of this paper is to show that if we explore
all the three conformal invariance relations above [Egs.
(1)—=(3)] with the DMRG technique, then it is possible to
obtain accurate finite-size estimates of ¢, U, Xp,» and X, in a
systematic way with the DMRG technique without any fitting
parameter. Several authors have explored some of these re-
lations with the DMRG. However, they did not make use of
all the three relations (with the exception of Ref. 21). We
would like to point out here that with the multiscale en-
tanglement renormalization ansatz it is also possible to ex-
tract these quantities with a good accuracy®” (see also Ref.
23).

In order to illustrate the procedure that we use to extract c,
Uy, Xy and xy, we consider the anisotropic spin-s Heisen-
berg chains defined as

H=, (878701 + 578701 + Assi), (4)
J

where A=cos(y) is the anisotropy. It is well known that this
model at the isotropic point A=1 is gapless (gapful) for half-
integer (integer) spins.?* For this reason, we will consider
only the half-integer spin cases. Although even the models
with integer spins become gapless at some critical
anisotropy.'?

We investigate the model defined above using the DMRG
(Ref. 12) method under open boundary conditions (OBC)
and PBC, keeping up to m=4000 states per block in the final
sweep. We have done ~6-9 sweeps, and the discarded
weight was typically 107°—107'? at that final sweep. The
dimension of the superblock in the last sweep can reach up to
80 millions. In our DMRG procedure the center blocks are
composed of (2s+1) states.

II. RESULTS
A.s=1/2

We will focus, first, in the anisotropic spin-1/2 Heisenberg
chain, which is exactly soluble (for a review see Ref. 8). For
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FIG. 1. (Color online) The entanglement entropy S(L,l4) vs Iy
for the anisotropic spin-1/2 Heisenberg with y=7/3. The circles are
numerical data and the red solid lines are fits to our data using Eq.
(3) (see text). (a) S(L,l4) vs L, for a chain of size L=100 and PBC.
(b) S(L,1,) vs I, for a chain of size L=160 and OBC.

this case, we be able to compare our numerical estimates of
¢, Uy, Xp> and x{ with the exact results. In order to avoid the
logarithmic corrections (due to the marginally irrelevant op-
erator) which makes the finite-size analysis more compli-
cated, we decided to investigate the model at the anisotropic
point y=/3 (which corresponds to A=1/2). Few results for
other values of y were also explored in this work.

Before presenting the numerical results for the spin-1/2
chain, let us describe some known results based on analytical
approaches.®?>~28 The anisotropic spin-1/2 chain is critical
for -1 <A =1 with central charge c=1, the anomalous di-
mension (surface exponent) associated to the lowest eigenen-
ergy in the sector with total spin z component §,=1 is given
by Xpu= 5, (x,=".%) and the sound velocity is v ="
Very interesting to note that for y=1r/3 the anisotropic spin-
1/2 Heisenberg chain presents a very peculiar ground state.
For this reason, some analytical expressions for the two-
point correlation functions? and for the reduced density ma-
trix were obtained.’® Some exact results for the reduced den-
sity matrix with arbitrary y were also obtained by Alba et al.
in Ref. 31.

In Fig. 1(a), we present the entanglement entropy S(L,1,)
as function of the length /, for the anisotropic spin-1/2
Heisenberg chain with PBC for a system of size L=100 and
y=m/3.3 The red solid line in this figure is a fit to our data
using Eq. (3). We show S(L,l,) only for I,=<L/2 since
S(L,L-1,)=S(L,l,). The conformal anomaly obtained
through this fit is ¢=1.005, which is very close to the exact
value c¢,,,,=1. Estimates of the conformal anomaly can also
be acquired if we consider the system with OBC instead of
PBC. In Fig. 1(b), we show S(L,1,) as function of I, for the
model with OBC, y=/3 and L=160. Observe that for the
OBC case, S(L,l,) exhibits even-odd oscillations as function
of I,. In this case, for I, even (odd) the fit to our data using
Eq. (3) is ¢=1.09 (¢=0.77). These even-odd oscillations
have been reported in several works,>33¢ and it is expected
to decay away from the boundary with a power law.>3 Very
interesting to note that even for systems under PBC, the
Rényi entropy also shows even-odd oscillations, which have
been proposed to have an universal scaling law.?’

The above route have been used by some authors to esti-
mate the conformal anomaly of some critical models such as
the transverse Ising chain,3® the isotropic/anisotropic spin-
1/2 Heisenberg chain,?!3¢ the SU(N) chains,?! and as well as
a spin-3/2 fermionic cold atoms with attractive interactions.?
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TABLE 1. Finite-size estimates of the conformal anomaly c"BC,

the sound velocity v, and the anomalous dimension x,,; for the
spin-1/2 anisotropic Heisenberg chain with PBC and y=m/3. We
use L'=L+16 in Eq. (5).

L cPBC Uy Xpulk

16 0.99596 1.30675 0.33314
32 0.99879 1.30103 0.33324
48 0.99942 1.29994 0.33328
64 0.99966 1.29955 0.33330
80 0.99977 1.29937 0.33331
96 1.29927 0.33332
Exact 1 1.29903 0.33333

In order to obtain good estimates of ¢ with this procedure we
need to consider large system sizes, mainly for the OBC
case, which can demand large computational effort in gen-
eral. Here, we use a slightly different route to obtain the
finite-size estimates of the conformal anomaly ¢, as men-
tioned before. In particular, for the OBC case, we will see
that with an extrapolation of the finite-size data, we are able
to obtain estimates of ¢ and x; with good accuracy. Even
considering relatively small system sizes, which requires a
reasonably small computational effort.

A simply way to extract the conformal anomaly from Eq.
(3), without any fitting parameter, is considering two systems
with sizes L and L'. Let us assume that these two systems are
composed of two subsystems of sizes [,=L/2 and [}=L"/2,
respectively. Thus, from Eq. (3), we see that we can estimate
¢ by

S(L.L/2)=S(L'.L'/2) ~ 37AS

LL')=3 = .
c(LL') =37 In(L/L) In(L/L')

(5)
Note that previously works!®3 also use the increment of
the entropy, AS, to extract the conformal anomaly of the
spin-1/2 XXZ Heisenberg model with defects/impurities.
Liuchli and Kollath*® also used the increment of entropy in
order to locate the quantum critical point of the Bose-
Hubbard chain.

In Table I, we show the finite-size estimates of the con-
formal anomaly, obtained by Eq. (5), for the anisotropic spin-
1/2 Heisenberg chain with PBC and y=m/3. Similar results
were also found for y=m/6 and y=a/8. For comparison
purpose, we also present in this table the exact values of the
conformal anomaly c, the sound velocity vy, and the anoma-
lous dimension x,,;. Note that by using relatively small sys-
tem sizes, we are able to estimate ¢ with a small error (~2
X 107%) without any fitting parameter.

Once the conformal anomaly ¢ is obtained, we can use
Eq. (1) to extract the sound velocity v,. In particular, for the
PBC case the finite-size estimate of the sound velocity is
obtained by*°

01 = T {Le, ~ B(L)], ©

Note that in this equation, we also need the bulk ground-state
energy per site e.,. However, this is not a problem since with
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TABLE II. Extrapolated and finite-size estimates of the confor-
mal anomaly ¢OB€ and the surface exponent x, for the anisotropic
spin-1/2 Heisenberg chain with OBC and y=7/3. We use L'=L
+20 in Eq. (5). The extrapolated values were obtained by a numeri-
cal fit (see text).

L OBC

c X
60 1.0859 0.64298
80 1.0727 0.64809
100 1.0633 0.65131
120 1.0568 0.65353
140 1.0518 0.65517
160 1.0470 0.65642
o0 1.004 0.66658
Exact 1 0.66666

the DMRG technique it is possible to obtain e, with a high
accuracy.

The finite-size estimates of v, obtained using Eq. (6) are
also presented in Table I. As observed in this table, accurate
results are also acquired for v,. As we already mentioned in
the introduction, until very recently, it was not possible to
extract the sound velocity v, based only in the large-L be-
havior of the ground-state energy with the DMRG technique.
But, as we have observed, with the use of Egs. (1) and (3) we
can estimate vy, with good accuracy, considering relatively
small system sizes.

Finally, using Eq. (2), we extract the finite-size estimates
of the anomalous dimension/surface exponent by

nL[E|(L) - Eo(L)]

L)=
HL) 27v;

)

where E (L) is the ground-state energy in the sector with
total spin z component S,=1. In Table I, we also show the
finite-size estimates of x,,; for the anisotropic spin-1/2
Heisenberg chain under PBC and y=m/3. Note again that
accurate results are obtained.

From the above results, we learn that it is possible to
obtain good estimates of ¢, vy, and x;,;, without any fitting
parameters (or extrapolations), considering relatively small
system sizes under PBC. On the other hand, for the OBC
case is necessary to extrapolate the finite-size estimates in
order to obtain accurate results, as shown below.

Let us now estimate the conformal anomaly considering
the model with OBC [Eq. (5) with =2]. In Table II, we
present the finite-size estimates of the conformal anomaly ¢
for the anisotropic spin-1/2 Heisenberg chain with OBC and
y=mr/3. As we observed in this table, the finite-size esti-
mates of ¢OBC are less accurate than the ones found for the
model with PBC, even considering larger systems for the
OBC case. We can improve the estimate of ¢©BC extrapolat-
ing the finite-size data to the infinite lattice value. We assume
that conformal anomaly behaves as

cOB(L)=c+al/L+b/L*. (8)

The extrapolated values in Table II, were obtained from a fit
to our data with this equation (we use only the last four
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FIG. 2. (Color online) The rescaled entanglement entropy W(L,l,,s) vs I for the anisotropic spin-s Heisenberg for some values of s (see
legend). (a) W(L,l4,s) vs I, for chains of size L=80, y=/3, and PBC. (b) W(L,l,,s) vs l4 for chains of size L=32, PBC, and some values
of 7y (see legend). The symbols refer to the values of the spins [we used the same symbols of figure (a)]. (c) W(L,l4,s) vs I for chains of

size L=160 and OBC.

points of our data in the numerical fit). Note that the extrapo-
lated estimate is quite close to the exact value. As we see in
this table, the estimate of ¢®BC obtained with this procedure
gives an absolute error of about 1073, which is quite good.

In a similar way, we also use Eq. (7) to obtain the surface
exponent x,. In Table II, we also present the finite-size esti-
mates of x, for the anisotropic spin-1/2 Heisenberg chain
with OBC and y=/3. The extrapolated value of surface
exponent x, was obtained by a numerical fit, as we did for
the conformal anomaly. We assume that the surface exponent
behaves as

x(L) =x,+alL+b/L*. 9)

As observed in the table, the extrapolated value of x; is also
very close to the exact one.

B.s>1/2

The results obtained above for the spin-1/2 chain are all
known, and we studied the spin-1/2 case for the purpose of
comparison/benchmark. However, that study was highly im-
portant, because it established that the procedure used by us
provides accurate results. Now, let us consider the cases
where s> 1/2.

Before presenting the estimates of ¢, x;,;, and x,, we will
present an interesting behavior of the entanglement entropy
S(L,l,,s) for the spin-s Heisenberg chains with spin s
>1/2. We observed what appears to be an universal behav-
ior of S(L,l4,s) for s>1/2. Our numerical data indicate that
the entanglement entropy of two systems with spins s and
s—1 respectively, with s>3/2 are related by following the
relation:

S(L,IA,S)—S(L,IA,S_I)z +ap, (10)

1
2s-1)
where a; is a very small term. Note that this is equivalent to,
say, that the nonuniversal constant ¢,(s) [see Eq. (3)] satisfies
the relation c(s)—c;(s— 1)=(2;—_1)+al.

We have observed that constant a; decreases with the size
of the systems. We were not able to proof that @, is zero in
the thermodynamic limit, although our numerical results sug-
gest that, in particular, for a system with PBC (OBC), y

=/3, and size L=80 (L=160) we found that a,~ 1073(q,
~1072). In the discussion below we neglect this term. Due to
Eq. (10), we can express the entanglement entropy S(L,14,s)
of a systems with spin s>3/2, in terms of S(L,l,,3/2) by
the equation

(s=5/2)

S(Llys) =SLIp32) + 2 s———— (1)
0 2(s-j)-1

In order to check the validity of Eq. (11), we investigate the
following function:

(s=5/2)

W(L,14,5) = Spmra(LsL4ss) = >, —————, (12)
0 26-j)-1

and we set W(L9IA53/2):SDMRG(L7ZA’3/2)'

Let us focus, first, in the PBC case. In Fig. 2(a), we
present the rescaled entanglement entropy W(L,l,,s) as
function of [, for some values of spins for systems with
PBC, L=80, and y=m/3. As observed in this figure, all
curves collapse onto a single universal scaling curve. Actu-
ally, there is a small difference around 1073 between these
curves [see Fig. 2(b)]. Similar results are also observed for
other values of vy for systems of size L=32, as shown in Fig.
2(b). Note that as y decreases the differences between the
curves increase. This is expected since finite-size effects be-
come stronger as y—0 (or A—1). These results strongly
indicate that Eq. (11) is valid for any values of spin s
>3/2 and . Our numerical data (not shown) support also
that SDMRG(L’IA’3/2)=SDMRG(L’IA’1/2)+11/18 for the
PBC case. We will see below that if we consider the systems
with OBC, Eq. (11) still holds true for s>3/2.

Now, let us consider the OBC case. In Fig. 3(a) we show
S(L,1,) for the anisotropic spin-s Heisenberg with OBC, L
=160, y=m/3, and some values of spins s. Note that differ-
ently of the spin-1/2 case with OBC, for spins s>1/2 the
entanglement entropy S(L,l,), does not present the strong
odd-even oscillations. Laflorencie et al. in Ref. 33 argued
that the oscillating term in S(L,l,) is universal and is con-
nected with the antiferromagnetic nature of the Hamiltonian
(however, at the present moment, there is no analytical deri-
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(b)

FIG. 3. (Color online) Some results for the anisotropic spin-s Heisenberg with OBC, y=1r/3, and some values of s (see legend). (a) The
entanglement entropy S(L,l4) vs I, for chains of size L=160. (b) The dimer parameter D(j) vs j for chains of size L=80. We present D(j)

only for distances j<<40.

vation of this statement). In particular, the alternating term in
S(L,1,) appears to be proportional to the alternating term in
the energy density3?

h(j) = (575751 + 5757, + Asisii)). (13)

In order to understand the absence of the strong odd-even
oscillations in entanglement entropy S(L,l,) for s>1/2, we
study the behavior of the “dimer parameter” D(j)=h(j+1)
—h(j). It is expected that D(j) decays with a power law.?> In
Fig. 3(b), we present the dimer parameter D(j) for chains of
size L=80.*" We roughly estimate the errors of D(j) around
~107%, since we find numerically that [Ey—X A(j)]~ 1075
As observed in this figure, the magnitude of the oscillations
of h(i) for s>1/2 is very small. These results indeed cor-
roborate that the alternating terms in S(L,l,) and h(l,) are
connected. However, due to the fact that the values of D(i) is
so small for s>1/2, we were not able to check that the
alternate parts of S(L,l,) and h(l,) decay with the same ex-
ponent, as expected by Laflorencie et al.??

As in the PBC case, we also observed that the curves of
the rescaled entanglement entropies W(L,l,,s) of chains
with s=3/2 and OBC collapse onto a single universal scal-
ing curve, as we can see in Fig. 2(c).

Finally, let us present our estimates of ¢"°“, xp,;, and x;
for several values of spins s. In Table III, a summary of our
results is provided (acquired following the procedure ex-

PBC

plained in Sec. IT A). The finite-size estimates of ¢"B€ and

Xpx Were obtained considering systems of sizes L=80 or L
=96 with PBC, while the extrapolated values of ¢%B¢ and x,
were obtained considering the model with OBC and sizes up
to L=180. We also show in this table the ratios of the dimen-
sions x,/x,,;- Based in our benchmark results of the spin-1/2
case, we believe the errors of the quantities presented in
Table III are smaller than 1073

Note that it is expected that the critical behavior of the
Heisenberg chains with half-integer spins belongs to the
same class of the Gaussian model.®!%4? In particular,
numerical®!®* and analytical?>?84? techniques show that ¢
=1 for the Heisenberg chains with half-integer spins. More-
over, it is expected that anomalous dimension of the aniso-
tropic Heisenberg chains depends on the anisotropy and on
the value of the spin 5.3:10:28:44

As observed in Table III, our estimates of ¢ are in agree-
ment with the expected value of c=1. Moreover, our results
for s=3/2 are in perfect agreement with the ones found by
Alcaraz and Moreo.!” In particular, for y=/3 they found
the following extrapolated values: c=1.08, x,;,=0.098, and
x,=0.198. Our results are also consistent with the Alcaraz-
Moreo’s conjecture x,=2x,,;. This conjecture was proposed
based in the exact-diagonalization calculations of small sys-
tem sizes. Besides that, Alcaraz and Moreo!? reported results
only for spins up to s=2 for the antiferromagnetic region 0
< A=1.% Here, considering larger system sizes (giving bet-

TABLE II1. Finite-size estimates of the conformal anomaly ¢"BC and the anomalous dimension x;,,;, for
the anisotropic spin-s Heisenberg chain with PBC and y=m/3 obtained with L=80-96. The extrapolated

values of the conformal anomaly ¢©BC¢

coupling with OBC.

and the surface exponent x; are also presented for the same model/

S cPBC cOBC Xpulk X Xo! Xpuik
172 0.9997 1.004 0.3333 0.6665 1.999
3/2 0.9995 1.002 0.09918 0.1984 2.000
5/2 0.9993 0.999 0.0572 0.1143 1.998
712 0.9989 1.002 0.0403 0.0806 2.000
9/2 0.9995 1.001 0.0311 0.0623 2.003
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ter estimates) and larger values of spins we show that this
conjecture holds.

ITII. CONCLUSION

In this paper, we present a simply procedure to obtain
accurate estimates of the conformal anomaly ¢, sound veloc-
ity v,, anomalous dimension x,,;, and the surface exponent
X, using the conformal invariance relations and the density-
matrix renormalization-group technique. In order to illustrate
the procedure we use to get these quantities, we investigate
the anisotropic spin-s Heisenberg chains with periodic/open
boundary conditions.

Our results for the model with spin s=1/2 were compared
with the exact results. For the spin-1/2 case, we found that
the procedure that we used to estimate ¢, vy, X, and xg
gives accurate estimates with errors smaller than 1073. We
also present accurate results for the model with spins s

PHYSICAL REVIEW B 81, 224404 (2010)

=3/2,5/2,7/2, and 9/2, and we confirm the Alcaraz-Moreo’s
conjecture x,=2xp,-

Our numerical results also support that the entanglement
entropy of the spin-s Heisenberg chains satisfies the relation
S(L,14,s)=S(L,l4,s—1)=1/(2s+1) for s>3/2 in the ther-
modynamic limit. We also verified that the alternate terms of
S(L,1,) and h(l,) seem to actually be connected, as sug-
gested by Laflorencie et al.> However, we were unable to
verify that both terms decay with the same universal expo-
nent. In this vein, it is interesting to observe the universal
oscillatory behavior of the Rényi entropy predicted by Cala-
brese et al. in Ref. 37. This study is in progress and the
results will be present elsewhere.
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